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Abstract 

We study the T duality between a set of type IIB D3 branes at non-orbifold threefold singulari- 
ties, and type IIA configurations of D4 branes stretched between relatively rotated NS fivebranes. 
The four-dimensional J\f = 1 field theories on the D3 brane world- volume can be easily described 
using the IIA brane configuration. These models include families of chiral theories continuously 
connected to the theories appearing in brane box models (or D3 branes at orbifold singularities). 
We propose that phase transitions in the Kahler moduli space of the singularities are related to 
the crossing of rotated NS fivebranes in the T dual picture, and thus to Seiberg's duality in one 
of the gauge factors. We also comment on the inclusion of orientifold planes in the IIA brane 
picture. 
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1 Introduction 



Configurations of NS fivebranes and D branes in string theory provide a useful and in- 
tuitive technique to study supersymmetric field theories in several dimensions (see M 
for a review with extensive references). A particularly interesting case is that of four- 
dimensional M = 1 gauge theories. 

There are several approaches in the construction of these models f\ We briefly recall 
their basic ingredients. In [|]], type IIB configurations of NS branes (of two kinds) and 
D5 branes were introduced to realize large families of chiral theories. These 'brane box 
models' have proved especially successful in the construction of AT = 1 finite field theories 
§■ 

A different construction, pioneered in ||, makes use of type IIA NS fivebranes (with 
relative rotations) and D4 branes stretching between them. These 'rotated brane con- 
figurations' generically realize non-chiral theories, but have been particularly useful in 
deriving large classes of Seiberg dual pairs [|7|, and in providing some exact results via 
their lifting to M-theory (see e.g. || |9], [10|). 



Finally, it is possible to realize gauge field theories on the worldvolume of D3 brane 
probes of a certain spacetime background. The simplest example is placing D3 branes 
on a C 3 /r singularity, with discrete T C SU(3). The field theories, studied in [ll|] along 



the lines of [Tj|, are generically chiral, and coincide with the theories obtained using 



certain brane box models. In [[Tj| it was shown that both constructions are related by a 
T duality, which transforms the D5 branes into D3 branes, and the NS fivebranes into 
the singular geometry. These relations between different pictures of the same theory 
are always illuminating. For instance, in the case at hand, the finiteness results of || are 
closely related, using the singularity picture, to the conjectured AdS/CFT correspondence 

It is natural to seek the generalization to D3 brane probes in non-orbifold singularities. 



The simplest case, the conifold singularity, has been analyzed in ||17|| , where a long distance 
field theory with the appropriate symmetries and physical behaviour was proposed, as 
arising on the D3 brane world-volume. 



^^Let us also mention the realizations in j^, |3), also in this spirit. 
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Our purpose in the present paper is to explore the system of D3 branes at other non- 
orbifold singularities. The basic tool we exploit is to quotient the conifold variety X by 
an appropriate discrete isometry group V . By determining the action of V on the field 
theory, and keeping the dynamics of only the invariant states, the resulting gauge theory 
describes the D3 brane probes on the quotient X/Y (this type of 'orbifolding' of the field 
theory has been mainly studied for D3 branes on flat space Thus we construct 

large classes of chiral and non-chiral TV = 1 field theories, with quartic superpotentials 
inherited from the conifold theory of |fL7j| . 

We also show that these geometries are related to type IIA brane configurations of 
rotated NS fivebranes and D4 branes by a T duality along a direction transverse to the NS 
branes. This transformation, studied in [TJ| for the conifold, maps the D4 branes to D3 
branes, and the NS fivebranes to the singular geometry. This relation nicely parallels the 
map between brane boxes and branes at orbifold singularities. We expect an interesting 
interplay of results from both pictures. Several results in this paper actually stem from 
T dual ways of looking at the same phenomenon: i) We argue that the continuation past 
infinite coupling in one of the gauge factors, realized as the crossing of two relatively 
rotated NS fivebranes in the type IIA brane picture, corresponds to transitions in the 
Kahler moduli space of the singular variety, ii) We describe explicitly the field theories 
of D3 branes at certain singularities which are partial smoothings of quotients of the 
conifold. The smoothing is mapped to the removal of certain NS fivebrane in the type 
IIA configuration, and to following a certain baryonic Higgs branch in the field theory, 
iii) We can generalize the constructions by including orientifold planes in the IIA brane 
picture. This corresponds to performing an orientifold projection in the singular geometry, 
whose direct analysis would be difficult without the guide of the T dual brane model. 

The paper is organized as follows. In Section 2 we derive the T duality between D3 
branes at the conifold geometry and the type IIA configuration of rotated NS branes and 
D4 branes. In Section 3 we consider singularities obtained as quotients of the conifold, 
and also find the T dual IIA brane models. We describe the D3 brane world-volume field 
theories, and perform some consistency checks. We also show that Kahler transitions in 
the singularity picture correspond to crossings of rotated NS fivebranes. In Section 4 we 
study D3 branes on partial resolutions of these singularities, describing the corresponding 
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IIA pictures, and the resulting field theories. In Section 5 we consider quotients yielding 
chiral gauge theories. These models have Higgs branches along which the field theories 
correspond to finite brane box models (equivalently, D3 branes at C 3 /T singularities). 
In Section 6 we discuss the inclusion of orientifold planes. Section 7 contains some final 
comments. 



After this work was completed, we noticed reference 38], where a different approach 
to the problem of D3 branes at non-orbifold singularities is described. We expect further 
progress in the understanding of this system from the combination of different viewpoints. 



2 Brane configuration for the conifold 

Our starting point is a system of N D3 branes sitting at the simplest non-orbifold threefold 



singularity, the conifold. The following analysis is similar to that of ||19|| . The equation 
for the conifold 

xy = zw (2.1) 
allows us to interpret the variety as a C* fibration over the C 2 parametrized by z, w. 



That is, for generic values of z,w, the variables x, y describe a C*, since fl2.1|) can be 
used to relate x and y (as long as they are not zero or infinite). The fiber degenerates to 
two intersecting complex planes when the right hand side of ( |2.1| ) vanishes, i. e. along the 
(complex) curves z = and w = on the base. 

Now we would like to perform a T duality along the U(l) orbit in the C* fiber (the 
orbit is composed of points which are related by x — > Ax, y — > A -1 ?/, with A a complex 
number of unit modulus) Q. Following standard arguments [2D| [], the degenerations in 



the fibration denote the presence of NS fivebranes in the T dual picture. In our case, we 
find two NS branes, which span the directions, say, 012345 and 012389. We will denote 
them by NS and NS' branes, respectively. The T dual space is otherwise flat, and one 
direction transverse to the NS fivebranes, say 6, is compact. 



2 To be more precise, we would like to perform the T duality in a global model where this S 1 has 
constant radius far away from the degenerations. 

3 Notice however that the T duality we are performing differs from that considered in ppf 
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Figure 1: The type IIA brane configuration T dual to the system of D3 branes at the conifold 
singularity. In this and the following pictures, we represent the NS brane as a continuous 
vertical line, and the NS' brane as a discontinuous vertical line. Since they are oriented along 
different directions (45 vs. 89), the D4 branes cannot separate and there is no Coulomb branch. 
Nevertheless, for the sake of clarity, we have depicted the D4 branes as slightly separated. We 
also show the chiral fields arising from open strings (depicted as a discontinuous curve) stretching 
between the D4 branes. 

Notice that the two NS fivebranes need not be located at the same position in x 6 . Their 
distance in x G is determined by the period of the NS two-form over the collapsed two-cycle 
in the conifold, whose value is not specified by the geometry ( p.l|) . So, generically the NS 
fivebranes do not intersect, and define two intervals in the circle parametrized by x 6 . 

Finally, the D3 branes located at the conifold point in the singularity picture are 
mapped to D4 branes wrapping x 6 . The resulting picture is shown in Figure [I]. 

Type IIA brane configurations involving D4, NS and NS' branes have been considered 
in the literature (see for references) in the case of non-compact x 6 . Those analyses 
allow to read off the spectrum of the four-dimensional M = 1 field theory in our compact 
x 6 case as well. 

The gauge group is SU(N) 2 x U(l) (throughout this paper we will often ignore these 
decoupled U(l) factors), and there are chiral multiplets Ai, A2 in the representation (□,□), 
and B\, B2 in the (□,□). The adjoint chiral multiplets $' that would be massless if 
the NS fivebranes were parallel (A/" = 2 supersymmetric case [pTJ| ) receive a mass due to 
their relative rotation P2"f , which softly breaks the supersymmetry down to M = 1. The 
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superpotential is 



W = A 1 <5>B 2 - A 2 <I>B 1 - A X &B 2 + A 2 &B X + m$ 2 - m$' 2 . (2.2) 

The adjoint masses are opposite since the two intervals have opposite rotation angle 
between their left and right NS fivebranes. 

After integrating out the massive adjoints, the superpotential reads 

W oc Tr (A 1 B 1 A 2 B 2 ) - Tr (A 1 B 2 A 2 B 1 ) oc e ij e kl Tr (AiB k AjBi) (2.3) 



The field content mentioned above, and the superpotential ( |2.3| ) define the field theory 
proposed in [17] as arising on the world- volume of D3 branes at the conifold singularity. 



We have rederived the result by T dualizing the geometry to a more familiar brane con- 
figuration. Notice that the relation of the conifold theory to the softly broken M = 2 
theory was already uncovered in [|l7j. 

The type IIA brane configuration has the disadvantage that the SU(2) 2 global sym- 
metry of the field theory (under which the Ai and Bi fields transform in the (2, 1) and 
(1,2) representations, respectively) is not manifest, whereas in the conifold picture they 
are realized geometrically |. However, brane configurations of this type often provide 
interesting insights on many issues. For instance, the inclusion of additional flavours in 
the field theories is straightforward in the IIA brane configuration, whereas in the IIB 
T dual it corresponds to including D7 branes, which introduce unpleasant dilaton-axion 
variations. So we feel it is worth exploring other field theories that can be realized in the 
IIA framework. 

In the following sections we study D3 branes on other singularities, in some cases 
related to the conifold by a quotient, and describe candidate T dual IIA brane configura- 
tions. 



4 Notice that the NS fivebranes are at right angles, so the adjoint mass is naively infinite. However, it is 
clear that the brane configuration corresponds to a field theory with a non- vanishing quartic interaction, 
since it must have a possible Higgssing to the M = 4 theory, where there is a cubic superpotential. 

5 The U(1)r R-symmetry is realized geometrically in the IIA configuration as well. 
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3 Quotient of the conifold (I) 



In this section we describe a quotient of the conifold, and the field theory arising from D3 
branes located at such singularity. We also present the T dual brane configuration, and 
provide some consistency checks of our identification. 



3.1 Description 

The knowledge of the field theory on D3 branes at the conifold can be exploited to analyze 
other singularities which are not orbifolds of C 3 . Simple examples of such worse singular- 
ities can be obtained by taking quotients of the conifold by some discrete symmetry. The 
conifold variety has an isometry group SU(2) x SU(2) x U(1)r (under which x,y,z,w 
transform in the (2, 2)+i representation). In order to preserve M = 1 supersymmetry, 
the discrete groups will be embedded in the SU{2) 2 part, leaving the U(1)r R-symmetry 
untouched. 

We will not attempt a general classification of such quotients, but present a few ex- 
amples. A simple case, whose analysis we perform in the present section, is the action 
generated by: 

x -> e 2ni/k x 

y - e~ 2mlk y (3.1) 

leaving z and w invariant. By introducing the invariant variables x' = x k , y' = y k , t = xy, 
the final variety is described by the equations x'y' = t k , t = zw, or equivalently by the 
expression 

x'y' = z k w k (3.2) 

This singularity, in the form [z\ + z|) fc + z\ + z\ = 0, has appeared in |H| p3|] . 

The field theory on the D3 branes can be obtained by an orbifolding procedure [18 
(see also |24| for a general recipe in a purely field theoretical context). It is easy to see 
that the geometric action (|3.1|) corresponds to the following action on the field theory 
chiral multiplets 

6: Ax -> QA X 
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a 2 ^ e~ 1 A 2 

B x -> 0Bi (3.3) 
B 2 — > 9 1 B 2 

with 9 = e m / k . To show this, recall the existence of a maximal Higgs branch where the 
matrices Ai, A 2 , Bi, B 2 are diagonal and thus commuting. The i th eigenvalues a%, a 2 , bx, 
b 2 , parametrize the position of the i th D3 brane Q on the conifold by the relation 

x = a\b\ ; y = a 2 b 2 ; z = a\b 2 ; w = a 2 b\. (3.4) 

The action (3.3) must be embedded in the gauge degrees of freedom, which amounts to 
choosing an action on the Chan-Paton factors of the D3 branes. Starting with a conifold 
theory with group SU(Mk) x SU(Mk), we choose these embeddings to be given by the 
matrices 

7 « = dmg(l M ,9 2 l M ,...,9 2k - 2 l M ) 

7 f = diag^lM,^,...,^- 1 ^) (3.5) 

acting on the fundamental representations of the first and second factor, respectively. 
Here 1m denotes the rank M identity matrix. The generalization to other embeddings 
with different number of entries for different eigenvalues is straightforward. In this re- 
spect, we should mention that in the singularity picture it is not obvious whether all such 
embeddings are consistent, since consistency conditions manifest as cancellation of tad- 
poles and these are not easy to compute for spaces other than orbifolds of flat space. The 
T-dual brane picture we will construct below, however, shows explicitly that all choices 
are consistent, and correspond to putting different numbers of D4 branes in the different 
x 6 intervals (this is analogous to the Af = 2 case in [p8]| ). 

Going back to our choice of Chan-Paton factors ( |3.5| ) , it is a simple matter to perform 
the projection on the fields of the theory. Each of the factors in the original gauge group 
SU(Mk) x SU(Mk)' splits into k identical SU(M) factors, so the final M = 1 vector 

6 The Higgs branch is obtained by taking all such possible distributions of branes and dividing by the 
permutation group. 
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multiplets form the group [] 

k k 

SU(M) k x SU(M)' k = Y[SU(M)i x J] SU{M)] (3.6) 

i=l j=l 

where we have introduced labels to distinguish the factors. 

The different M = 1 chiral multiplets suffer different projections depending on their 
global and gauge quantum numbers. For instance, the field Ai, in the (□,□) of the initial 
group, has a projection 

7?^i(7? } r 1 = OM (3-7) 
There are k surviving chiral multiplets transforming in the representation (□j + i,n Q of 
U(M) i+1 x U(M)' i7 for i = 1, . . . , k. We will denote these fields by (Ai) i+1)i . 

Analogously, we obtain k fields {A 2 )i^ in the (□;,□ fields (-Bi)^ in the (□ £,Bi), and 
fields (i? 2 ) iii+ i in the (□ ^Bi+i) Q. Notice that all these models are non-chiral. 

The superpotential of the resulting theory is 

k k 
W oc y^XAi)i+u (Bi)ij (A 2 ) it i (B 2 )i t i+i — y^XAi)j+i4 (B 2 )i,i+i (A 2 )i+i,i+i (-Bi)j +lii+ i. 

1=1 8=1 

(3.8) 

We can try to recover this field theory by a brane configuration related to the singu- 
larity via the T duality we discussed in Section 2. In order to do that, we interpret the 
defining equation x'y' = z k w k as a C* fibration over the C 2 parametrized by z, w. The 
fiber degenerates again at the two complex planes z = 0, and w = 0. However, in this case 
the degeneration is worse, and the T dual picture contains k NS branes and k NS' branes. 
After taking into account the possibility of having B-fields in the singularity picture, the 
positions of the NS fivebranes in the T dual compact coordinate x 6 may differ. Again, 
the D3 branes sitting at the singularity become D4 branes wrapping x 6 . The resulting 
IIA brane configuration looks like Figure 3 f\. 

7 As usual in four-dimensional theories, the U(l) factors (save for the overall one) are not present in 

the low-energy theory |2l| . 

8 Notice that for A-type fields the first (resp. second) index refers to unprimed (resp. primed) gauge 

factors, whereas for B-type fields the first (second) index refers to primed (unprimed) representation. 

This notations is convenient to suggest the appropriate contractions in the superpotential couplings. 
9 The orbifold field theory above is reproduced by a type IIA brane configuration where NS and NS' 

branes are arranged in an alternating fashion. In subsection 3.2 we will consider the interpretation of 

other possible orderings 
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Figure 2: Brane configuration T dual to a system of D3 branes at the xy = z k w k singularity. 
The model consists in a set of k NS and k NS' branes ordered along x 6 in an alternating fashion. 
The figure depicts the brane configuration in the vicinity of the i th pair of NS, NS' branes. 
We show the chiral fields in the bi-fundamental representations, and the superpotential quartic 
interactions mediated by the massive adjoints. 

The four-dimensional field theory on the D-branes can be obtained by noticing it 
corresponds to softly breaking a M = 2 SU(M) 2k model down to M = 1 by appropriate 
adjoint masses. The gauge group is ]li=i SU(M)iX IljLi (M)'-, where unprimed factors 
correspond to intervals with a NS brane on their left end, and primed factors to intervals 
with NS' branes on their left end. It is easy to recognize the fields (Al^-i, {B 2 )i^-i 
as arising from open strings stretching between the D4 branes associated to SU(M)' i _ 1 
and SU(M)i] similarly, the fields (^2)1,1, appear from open strings joining the D4 

branes in the intervals corresponding to SU(M)i, SU{M)' i . Finally, the superpotential is 
obtained after introducing the adjoint masses and integrating these fields out. This type 
of exercise has been performed e.g. in [^, |26|], and leads to the appearance of quartic 
superpotentials. The result in our case yields the superpotential ( j3.8|) . Thus the proposed 
IIA brane configuration reproduces the orbifold field theory. 

Before ending this subsection, we provide a few checks that support our identifica- 
tion. The first is the existence of mesonic Higgs branches in the field theory. These are 
manifest in the IIA brane configuration, where they amount to splitting the D4 branes 
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at two adjacent NS branes (of the same kind), and moving the pieces in the direction 45, 
suspended between the NS branes. There are analogous Higgs branches in which pieces of 
D4 branes travel along 89, suspended between NS' branes. An interesting hint is that the 
brane configuration localized near these traveling suspended D4 branes locally has M = 2 
super symmetry. 

In the singularity picture, this phenomenon is accomplished by noticing that the sin- 
gularity is not isolated. Actually, there is a curve of C 2 /Zfc singularities, parametrized by 
w, at x = y = z = 0; and another similar curve, parametrized by z, at x = y = w = 0. 
These curves arise from the set of points of the conifold which are fixed points under the 
Zfc action (|3.1|) . The D3 branes at the origin can split into fractional branes [p7| which 
can travel along these curves of singularities, but not away from them. This description of 



Higgs branches is identical to that in [2l| for two-fold singularities and |L3| for three-fold 
singularities. Along these branches, we have a set of D3 branes at a ALE singularity, 
a system with M = 2 supersymmetry. 

Besides these mesonic branches, there are baryonic Higgs branches which, in the brane 
configuration, are realized as the removal of, say, one NS' brane along x 7 . In the field 
theory, it arises by giving diagonal vevs to the fields (A 2 )i^, (-Bi)^, which triggers the 
breaking SU(M)i x SU (M)^— > SU (M) i) dia g • Notice that one of the chiral multiplets is 
swallowed by the Higgs mechanism, whereas the other remains in the theory as a chiral 
multiplet in the adjoint. This remaining field parametrizes the possibility of moving the D4 
branes along the two neighbouring NS branes. One such brane configuration is depicted 
in Figure |5|. We will encounter again this type of brane configuration in Section 4, where 
we will see they are associated to partial resolutions of the singularity xy = z k w k . 

These brane configurations can also be generalized by introducing D6 branes. This 
amounts to adding fundamental flavours in the field theory. In the T dual picture, this 
corresponds to the addition of D7 branes, and so the configuration is better described in 
terms of F-theory. We will not pursue these very interesting generalizations in the present 
paper. 
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3.2 Counting of marginal parameters 

In this subsection we are going to compute the number of exactly marginal operators in 
these field theories. Our motivation is to argue that the superpotential of the field theory 



we are studying can be defined, in analogy with ||17|| , as a marginal deformation around 
a conformal point of the free theory. Also we show that most of the marginal couplings 
have a clear interpretation in the IIA brane construction. 

From the field theory point of view, the number of marginal couplings can be de- 
termined using the techniques in |29|], which were already exploited in || for a similar 
counting in brane box models (equivalently, D3 branes at orbifolds of C 3 ). For notational 
clarity, let us momentarily denote the fields (Ai) i+ i^, (_B 2 )j,j+i, (^2)1,1 and (Bi) iti , by Fj, 
Fi, Gi and Gi, respectively. The superpotential of the theory reads 

k k 
W = Y, X^FiFiGA + £ \f ] F t F t G z+1 G l+1 (3.9) 

i=l i=l 

where we have allowed for arbitrary superpotential couplings. The parameter space in 
the model is spanned by 2k gauge couplings and 2k superpotential couplings. 

The conditions for a conformal theory can be found by using the exact beta functions 



for these parameters [3(| 31]. For the gauge couplings of SU(M) i} SU(M)' i , the vanishing 



of the beta function reads 

P g . = 2 + lF ._ 1 + 7^._ i + lGi + 7(5 . = 

/fy = 2 + 7^ + 7^ + 7^ + 7^ = ( 3 - 10 ) 

where 7x is the anomalous dimension of the field X. For the superpotential couplings 
A^\, , the vanishing of the beta functions are also given by the two equations (|3.10|) , 
and do not provide independent constraints. Furthermore, there is one linear relation 
among the 2k conditions (|3.10|) , J2iPgi — J2iPg[- So we have a total of 2k — 1 conditions 



on Ak couplings, leading to a (2k + l)-dimensional manifold of RG fixed points on the 
parameter space 0. 

10 The conifold case is special in that the two superpotential couplings are equal due to a global SU (2) x 
SU(2) symmetry. This results in two marginal couplings |l7j instead of the three our general counting 
indicates. 
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The existence of these marginal couplings is directly inherited from the marginal su- 
perpotential in the conifold theory. Thus we can use their existence to define our field 



theory in the infrared in analogy with the argument in [17| . In the absence of superpoten- 
tial, the field theory with the proposed matter content flows to a conformal theory. There 
it is possible to turn on the marginal couplings, and we recover the theory of interest. 

The type IIA brane configuration provides a geometric realization of these marginal 
couplings. They correspond to the k — 1 independent x 6 distances between NS branes of 
the same kind (adequately complexified by the shift in the type IIA RR U(l) gauge field, 
or equivalently the positions of the NS branes in the eleventh dimension of M-theory ||21||), 
the k — 1 independent distances between NS' branes, and the length of the x 6 coordinate 
(complexified to the complex structure of the torus parametrized by x 6 , x 10 in M-theory). 
Another parameter corresponds to the relative positions of the sets of NS and NS' branes. 
Notice that a last marginal couplings seems to be not explicit in the brane construction. 

3.3 Kahler transitions vs. ordering of branes 

The proposal of a type IIA brane configuration T dual to the D3 branes at the singularity 
( |3.2|) poses a puzzle. There exist many different brane configurations containing k NS 
branes and k' NS' branes, which differ in the ordering of the fivebranes along the coordinate 
x 6 . Even though these are physically different, they all can be claimed, by the arguments 
in section 3.1, to be T dual to a set of D3 branes at the space ( |3.2j ). This singularity, 
however, does not seem to contain any degree of freedom corresponding to the multiple 
choices in the type IIA picture. The resolution of the puzzle consists precisely in a proper 
identification of these choices in the singularity picture. We will argue that the different 
orderings of branes correspond to different phases in the Kahler moduli space of the 
singularity 0. 

The singular variety (|3.2j ) can be thought of as a smooth manifold in the limit in 



which a set of Pi's shrinks to zero size. However, there are topologically different (but 
birrationally equivalent) smooth manifolds which can degenerate to the variety 



11 I acknowledge R. von Unge for useful conversations on the contents of this section and on his work 
3. His comments encouraged me to correct several confusing statements present in a previous version. 
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These manifolds are related by flop transitions (see e.g. pp] , Thus there are different 
ways of resolving the singularity by restoring the finite size of different sets of shrunk 
Pi's. In string theory the size of these cycles is complexified by the corresponding period 
(B-field) of the type IIB NS two-form. The moduli space spanned by these 'complexified 
sizes' is known as 'complexified Kahler moduli space'. 

Singularities in this moduli space arise at points where the size and B-field of a given 
cycle vanish. These loci are of complex codimension one and thus, paths interpolating 
between two points in moduli space can always avoid them. Even though this implies 
there are no true phase transitions in these interpolations, we will loosely use the term 
'Kahler phase transition' to denote paths in moduli space that actually cross the singular 
point. 

Our proposal is that for each possible configuration of NS and NS' branes on the x 6 
circle there is a phase in the complexified Kahler moduli space of the T dual singularity. 
Also, the exchange of adjacent NS and NS' branes corresponds to Kahler transitions in 
which the B-field of a vanishing cycle changes sign. This can be understood as follows. 
Using the T duality map, it is easy to realize that when all NS and NS' branes are located 
at x 7 = all the two-cycles in the dual variety have vanishing real size. However, the 
B-fields on these cycles generically do not vanish, and they encode the positions of the 
type IIA NS fivebranes along the x 6 circle. The process of crossing a NS and a NS' brane 
by moving them in x 6 , while keeping them at x 7 = 0, is mapped to a transition where the 
B-field of the T dual two-cycle varies continuosly and changes sign in the process, while 
the real size of the cycle remains zero. The singular point in moduli space, where the two- 
cycle has zero size and B-field, corresponds to the NS and NS' branes exactly intersecting. 
This point can be avoided by a slight x 7 -separation of the NS and NS' branes when the 
coincide in x 6 , in the same way as the singularity in Kahler moduli space can be avoided 
by turning on a non-zero real size for the two-cycle when the B-field vanishes. 

The natural context to study the geometry of Kahler moduli space is toric geometry. 
A detailed presentation of toric geometry is outside the scope of the present paper, so we 
will merely depict the relevant toric diagrams for convenience of the readers familiar with 



this formalism (we refer to fl3~7 |, [35] for further details). Since the toric description is not 
essential for other sections, other readers are adviced not to worry about these alternative 
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pictures. 

It would be nice to have a precise match between the different orderings of fivebranes 
in x 6 and the different configurations of B-fields. This would require a precise description 
of the B-field moduli space, but the details of this characterization in toric geometry are 
unknown to us. On the other hand, toric geometry provides a simple description of the 
moduli space of real sizes of the two-cycles, where the problem reduces to determining the 
different triangulations of a polygon associated to the singularity. Thus each ordering of 
the fivebranes in the non-compact direction x 7 corresponds to a particular triangulation 
of the polygon. 

We may expect an analogously simple structure for the moduli space of B-fields. No- 
tice that it should correspond to the ordering of the fivebranes in the compact direction x 6 , 
so the global considerations should be different. In what follows we describe a suggestive 
correspondence between the different orderings of fivebranes in x 6 with the different trian- 
gulations of a polygon, once we take into account certain 'compactification prescriptions' 
for the diagram, to be described below. Notice that in these figures the triangulations do 
not represent small resolutions of the singularity (all two-cycles have vanishing size when 
all fivebranes sit at x 7 = 0), but somehow represent different configurations of B-fields on 
the two-cycles. The precise meaning of the triangulations in this context is thus somewhat 
unclear. 

In Figure ^ we have depicted the different triangulations of the diagram for the singu- 
larity xy = z 2 w 2 , along with the corresponding brane configuration 0. 

A subtlety in this identification is that some distributions of fivebranes only differ 
in a translation along x G . The corresponding diagrams, on the other hand, look rather 
different. The explanation for this lack of symmetry is that the variety contains a non- 
compact Pi, which can be understood in the toric diagram as arising from gluing together 
the two complex planes represented by vertical segments on the sides. This last Pi 'closes 
12 Other examples can be worked out similarly, the basic rules (for which I only have 'empirical' evidence) 
being as follows: i) Different toric diagrams related by a 'rotation' of their Pi's as explained below 
correspond to the same brane configuration (up to an irrelevant rotation along x 6 ): ii) The existence, in 
the toric diagram, of triangles forming the diagram of C x (C 2 /Zfc) corresponds to the existence of k 
parallel adjacent fivebranes, forming a M = 2 subsector. 
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Figure 3: Comparison between the possible orderings of two NS branes and two NS' branes 
along x 6 and the triangulations of the diagram for the singularity xy = z 2 w 2 . The NS branes 
are represented by crosses, and the NS' branes as circles, sitting at points in a circle representing 
the x 6 direction. We also show one example of a transition, and the corresponding exchange of 
NS and NS' branes in the T dual brane picture. 

up' a chain of Pi's (in analogy with the way the affine node of an extended A n Dynkin 
diagram closes up the line of nodes of the non-extended diagram). The translation in x e 
in the brane picture somehow transforms the 'affine' Pi into a regular one, and a regular 
Pi into the new 'affine' one. One such process is illustrated in Figure |], which should 
also clarify the systematics of our correspondence in Figure 0. This figure also illustrates 
the 'compactification prescription' that we mentioned above. 

It is nice to observe in the examples depicted in Figure ||| how the Kahler transitions 
correspond to exchanges of pairs NS-NS'. However, some exchanges of branes relate toric 
diagrams which look very different. Again, this is the case when the additional 'affine' 
Pi is the 'flopped' one. 

Let us turn to the field theory interpretation of this transitions. From the analysis 
in 0, the exchange of NS and NS' branes is usually interpreted as M = 1 duality [|7| 
between the gauge theories described by the initial and final brane configurations. In 
our case, the gauge group contains many factors and the crossing should correspond to 
dualizing just one of them. Isolating this sector of the model, the 'electric' theory belongs 
to a family of theories with gauge group SU(N C ), n flavours Q, Q, and m flavours Q', Q' 



16 



Figure 4: Intuitive argument showing that two triangulations corresponding to identical brane 
configurations differ by a 'rotation' among their Pi's. In the first step, we 'cut' the lower left 
triangle piece of the toric diagram and 'glue' it on the other side. This amounts to making 
compact the previously non-compact JP%, and making non-compact a previously compact one. 
The second step is a mere re-drawing of the same toric diagram. 

all in the fundamental representation, and a quartic superpotential W = (QQ)(Q'Q')- 
The 'magnetic' theory has group SU(N C — n — m), n flavours q, q and m flavours q', q', 
all in the fundamental, n 2 — 1 singlets mesons M, and m 2 — 1 singlet mesons M' . The 
superpotential is W = qMq + q'M'q' + {qq){q'q')- The dual pair can be obtained from the 
model in J7J upon deforming it with the quartic superpotential, and has also been derived 
using brane configurations in [^] . In our type IIA construction, the transition of crossing 
the NS and NS' branes reproduces this family of dual pairs. Different m, n, N c can be 
achieved by using different numbers of D4 branes on different intervals. In the singularity 



picture, they are mapped to fractional branes |28j . Observe that in our models the global 
symmetries of the field theory are gauged. 

Notice that two theories related by brane crossing transitions form a dual pair if the 
field theories flow to strong coupling in the infrared. As intuitively argued in 0, in 
such case the NS fivebranes tend to come together and the two theories flow to the same 
configuration. According to this interpretation, the case N c — n — m in our particular 
example is quite subtle, since the corresponding field theory has a marginal coupling. If 
it indeed corresponds to the distance between the fivebranes in the brane construction, 
there is no apparent reason why the transition gives a dual pair, since in the IR this 
distance would remain non-zero. It would interesting to gain some insight on this issue. 
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4 Partial resolutions of the quotient of the conifold 

In this section our purpose is to analyze D3 branes on hypersurface singularities on C 4 of 
the form 

xy = z n w m (4.1) 

In general, these singularities are not quotients of the conifold, and thus the field theory 
on the D3 branes are not so straightforward to obtain. However, our T duality map still 
applies in analogy with previous sections, and one can use it to read off the field theory 
from the type IIA T dual brane configuration. 

Following the usual argument, the T dual configuration contains n NS branes and 
m NS' branes, located at certain values in the x 6 coordinate. As we know, the specific 
ordering possibilities are in one-to-one correspondence with the different choices of In- 
fields of the singularity. Given one such type IIA brane configuration, the field theory is 
easily determined. The gauge group is U(M) n+m . There are bifundamental fields in the 
(□,□) + (□,□) of adjacent gauge factors. Furthermore, there is an adjoint chiral multiplet 
whenever two NS fivebranes of the same kind are adjacent. 

The superpotential can be determined by starting with an orbifold model as those 
studied in Section 3, with k = max(m, n), and removing the adequate number of NS 
or NS' branes. In field theory language, this corresponds to going into the appropriate 
baryonic Higgs branches. The outcome of this exercise can be summarized in the following 
rules 

• Whenever two relatively rotated NS fivebranes are adjacent, there is a quartic super- 
potential for the fields living at the ends (the interaction is mediated by the massive 
adjoint): W = ±FFGG. The sign is taken positive (negative) if a NS (NS') brane 
lies at the left end of the interval. 

• if two parallel NS fivebranes are adjacent, the superpotential is the usual M = 2 
coupling between the adjoint and the chiral fields at the ends of the interval: W = 
F&F-G&G. 

Notice that the superpotential (|3.8|) can be obtained from the brane configuration Figure ^| 
by applying these rules. 
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Just to provide an explicit example, we describe the specific case of the singularity 
xy = zw 2 . In order to reach that model, we start with a Z 2 quotient of the conifold, 
xy = z 2 w 2 , with group SU(M) i , and matter fields 

SU(M) 1 SU{M) 2 SU(M) 3 SU{M) 4 
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The superpotential is 

W = — X21X12X23X32 + X32X23X34X43 — X43X34X41X14 + X14X41X12X21 (4.2) 

The removal of one NS brane corresponds to giving a diagonal vev to the field X 34 . 
This breaks the gauge factors 3 and 4 to the diagonal combination, denoted 3 in the 
following. Thus the gauge group is SU(M)i x SU(M) 2 x SU(M) 3 . The matter content 
is 
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where the field $3 is the former X 34 that transforms in the adjoint of the diagonal group. 

The brane configuration is depicted in Figure |5]. The superpotential that follows from 
flO]) reads 

W = — X2iX 12 X23X 3 2 + X 2 3$3X 32 — X 13 $ 3 X 31 + X13X31X12X21. (4.3) 
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Figure 5: Brane configuration T dual to a system of D3 branes at the xy = zw 2 singularity. 

We can easily check this also follows from our above rules. Other examples can be worked 
out analogously. 

The theory of D3 branes at the singularity xy = zw 2 was also studied in ||38|| . Even 
though our derivation is different, the field theory we have proposed agrees with that in 

!§• 

Again, it is a nice exercise to match the Higgs branches of the field theory using both 
string theory descriptions: the IIA brane configuration, and the branes at singularities. 
For instance, as mentioned at the end of subsection 3.2, baryonic Higgs branches are 
realized by the removal of fivebranes in the brane configuration. It is clear that this 
allows to relate different theories in this class, so let us discuss how our rules to determine 
the superpotential take that into account. 

Giving a diagonal vev to the field X 23 corresponds to removing one of the NS branes 
in the type IIA picture. The remaining configuration was proposed in section 2 as the 
T-dual to the conifold theory. This is neatly reproduced in the field theory, since the vev 
< X23 >= v gives a mass to the $3, X32. We integrate them out by using their equations 
of motion 

A32 = --^21^12 ^3 = X 2 iX 12 (4.4) 
V 

Here A12, X 2 i are the former A13, X31. The final superpotential reads 

W = —X 2 \X\ 2 X 2 \X\ 2 + X 2 \X\ 2 X 2 \X\ 2 , (4-5) 
as corresponds to the conifold. 
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Figure 6: The toric diagrams corresponding to the singularities a) xy = z 2 w 2 , b) xy = zw 2 , 
c) xy = zw, d) xy = z 2 . We have also depicted the corresponding T dual IIA brane configura- 
tions, illustrating that the removal of NS fivebranes corresponds to the partial resolution of the 
singularity. 

Instead, we can start with Figure [5|, and follow the baryonic branch corresponding to 
removing the NS' brane. This is accomplished by a diagonal vev for X 12 . In this case no 
fields become massive, and the interactions (f4.3|) become the superpotential of an M = 2 
SU(M) 2 elliptic model. 

The removal of the fivebranes is clearly mapped, in the picture of branes at singu- 
larities, to the partial resolution of the singularity. This can be seen in the equation for 
the variety, or very pictorically, in the toric diagrams of these spaces. In Figure || we 
have depicted the toric diagrams of the singularities and how they are connected by the 
mentioned Higgs breakings. 

5 Quotients of the conifold (II): Chiral theories 

5.1 Zfc x Zi orbifolds 

Even worse singularities can be analyzed by performing a further quotient to the theories 
studies in Section 3. For instance, we can consider quotients of the conifold by a x Z; 
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action, whose generators act 



a : x — > e 27ri/A: re 

y — > e~ 2m ^ k y z,w invariant (5-1) 

/5: e 2li/i z 

if — > e~ 2m ' l w x,y invariant. (5.2) 

It is straightforward to define invariant variables and check that the resulting manifold 
can be represented as the hypersurface 

x «y'i = z ' k w' k (5.3) 

in C 4 . This singularity has appeared in [pOfl , in the form (zf + z 2 ) k + (zf + zf) 1 = 0. 



The action Q5.2|) has its counterpart on the fields A i: Bi of the conifold theory: 
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where 6 = e m ^ k , uj = e 7 ™^. 

Starting with a conifold theory with group SU(Mkl) x SU(Mkl), the embedding on 
the gauge degrees of freedom can be realized by the following Chan-Paton matrices: 

7 w = diag (i M , i M . . . , i M] e 2 i M , e 2 i M • • • , o 2 i M ; ; e 2k ' 2 i M , e 2k ~ 2 i M . . . , e 2k - 2 i M ) 

7 f = diag (6i M , 9i M ...,ei M ;e 3 i M ,e 3 i M ...,e 3 i M ; ; o 2h -H M , e 2k - l i M o^-Hm 

i i i 

7W = diag(lM,^ 2 lA/ • • • ,w 2!_2 1m; 1a/,w 2 1a/ • • .,u 21 ~ 2 1m; ; 1m,w 2 1a/ • • • ,uj 2L ~ 2 1m) 

7^ 2) = diag(ulM,w 3 lM • • • , w 2_1 1m; w1 m ,w 3 1m . • • ,w 2W l M ; ;uj1 m ,u 3 1-m ■ ■ ■,uj 21 ' 1 1 



We stress that, contrary to the case in section 3.1, other choices of Chan-Paton fac- 
tors may yield inconsistent theories. This is manifest since in this case the D3 brane 
world-volume theories are chiral and a generic choice of Chan-Paton matrices results in 
gauge anomalies in the field theory. The problem of determining the string consistency 
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conditions in non-orbifold singularities seems rather complicated, and in the present work 
we will restrict to exploring the consistent choice shown above. 

Using the projections induced by these actions, one can work out the field theory 
content. As expected, the gauge group in the orbifold models is 

k I k I 

n n su(M)ij x n n w« (5-4) 

i=lj=l i=lj=l 

The matter content is given by 

Field Repr. 

{Bl)i,j;i,j+1 (□i ) j,D»,i+l) 

Observe that these field theories are generically chiral. The superpotential is obtained by 
substitution of the surviving fields into the conifold superpotential. The outcome is the 
expression 

W = J2ij(^l)i+lJ+l;ij(Bi) i j. i j + i(A2)ij+l-ij+l(B2)ij+l-i+lj+l — 

(5.5) 



The space (|5.3| ) has four curves of singularities radiating from the origin. Each is 
parametrized by either of the variables x', y f , z', w', with the other variables equal to 
zero. It is possible to show that the Higgs branches corresponding to fractional D3 branes 
traveling along those curves actually exist in the field theory. 

There are other interesting branches. For instance, giving a vev to all the fields 
(A^ijpj, primed and unprimed factors with equal labels break to the diagonal com- 
bination. The final gauge group is SU(M)ij. The surviving chiral multiplets are 
(Ai)ij-i-i t j-i, (Bi)ij ;i j + i, and (i^ijji+ij- The superpotential for these fields reads 

(5.6) 
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This field theory is that appearing on D3 branes on a C 3 /(Zfc x Z/) singularity JTT], or 



equivalently on a x Z brane box model with trivial identifications of the unit cell || . 
This fact will be recovered from the IIA brane configuration we are to propose as T-dual. 

It is possible to construct a type IIA brane configuration such that the world-volume 
field theory on the D4 branes reproduces the theory just described. Consider the system 
of D4, NS and NS' branes T dual to a set of D3 branes on the Z& quotient of the conifold, 
studied in Section 3. The models in this section are related to these theories by a further 
Tii quotient. The proposal is to also quotient the type IIA configuration by the twist 



x 4 + ix 5 -^e 2 * i/l {x 4 + ix 5 ) 



x* + ix 9 ^e M/l (x*+ix 9 ) (5.7) 

which still preserves the M = 1 supersymmetry 0. This action is the counterpart of the 
quotient by (3 in (|5.2| ). It must also be embedded on the Chan-Paton factors of the D4 
branes. The final configuration provides a T dual realization of the field theory described 
above. 

In order to check this claim, we can study the realization of some field theory Higgs 
branches in the branes setup. Obviously, some mesonic Higgs branches correspond to 
splitting the D4 branes between pairs of identical NS (resp. NS') branes, and moving 
them away along 45 (resp. 89). Observe that this phenomenon, when described in the 
covering space of the orbifold, requires the D4 branes to move along with their mirror 
images. These branches correspond, in the singularity picture, to the motion of fractional 
D3 branes along two of the curves of singularities mentioned above. 

To see one of the remaining mesonic Higgs branches in the brane configuration, let 
us split the D4 branes in the intervals into fractional branes with respect to the quotient 
( [5.71 ). The fractional branes of different intervals can recombine to form a fractional 
D4 brane going around the whole x 6 circle. These objects can move away from the NS 
fivebranes along x 7 , but not away from the orbifold singularity. Finally, there is a last 
mesonic branch whose realization in the brane picture is not manifest. 

Let us turn to some baryonic Higgs branches. It is possible to remove e.g. the NS' 



13 Brane configurations with orbifold quotients have been constructed in H (and in ]39| ] with the inclu- 
sion of orientifold projections). 
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Figure 7: The first toric diagram represents the singularity x 2 y 2 = z^w 4 . The singularity can 
be partially resolved to the C 3 / (Z2 x Z4) space. This process corresponds to the baryonic Higgs 
breaking mentioned in the main text. 

branes along x 7 . If all such branes are removed, the remaining brane configuration contains 
NS branes along 012345, D4 branes along 01236 and the Z; orbifold quotient acting on 
4589. By performing a T duality along 6, the NS branes become an ALE space, i.e. a Z; 
orbifold quotient acting on 6789. The 'superposition' of both quotients results in a local 
C 3 / (Zj; x Zi) singularity, at which D3 branes sit. Thus we recover the field theory Higgs 
branch we mentioned above. 

It would be desirable to understand the meaning of possible transition in these more 
complicated singularities. Unfortunately, the IIA brane configuration we have constructed 
is not explicit enough to allow a direct comparison with the possible triangulations, as in 
the examples in section 3.3. We hope that a direct computation of the field theory using 
toric methods, along the lines of [|3~8[] , will help in clarifying this issue. 

In analogy with Section 3 we can now consider models with different numbers of NS 
and NS' branes. They provide T dual realization of the theory of D3 branes on singularities 

X l y l = z n w m (5.8) 

The superpotentials for these theories are obtained by starting with the orbifold model 
and following the Higgs breakings in the field theory. In Figure [7] we illustrate how 
these breakings correspond to partial resolutions of the singular variety. The final model 
is reached from the initial one after a Higgssing along the baryonic branch mentioned 
above. 

Even though the type IIA picture we have developed is somewhat complicated, it may 
prove useful to address certain issues. For instance, their lifting to M-theory seems to be 
quite tractable. However we will not pursue these points in the present work. 
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5.2 Isolated singularities 

In this section we consider other quotients of the conifold variety, which generically lead 
to isolated singularities (in contrast with the previous cases, where the orbifold action had 
fixed complex planes). This is achieved by using discrete groups under which x, y, z and 
w are non-invariant. We will show a concrete example, which has a simple realization in 
terms of the underlying variables hi. The generator 9 of the group acts as 

e 2m(r+l)/k x 
e -2ni(r+l)/k y 
g-271-ir/fc 

> e 2wir/k w 

Notice that, if p± = gcd(k, r) ^ 1, there are two complex planes (parametrized by z, w) 
of points fixed under a Z pi action, generated by 9 k / pi . Analogously, if p 2 = gcd(k, r + 1) ^ 
1, there are two complex planes (parametrized by x, y) of points fixed under a Z p2 action, 
generated by 9 k ' P2 . For generic k, r, the singularity is isolated. 

We choose to embed this action on the SU (Mk) x SU(Mk)' gauge degrees of freedom 
though the matrices fl3.5|) . The gauge group surviving the projection is Y\ k =1 SU(M)i x 
E[f=i SU(M)' i . The matter content is given by 

Field Repr. 

{Al) i+1 ,i (□*+!,□ D 

(A 2 ) iti (□*,□•) 
(B 1 ) i+rji (n^Di) 

(-B2)i,i+r+l (□ i+r+ i,Pi) 

The field theories arising from this construction are thus generically chiral. The superpo- 



tential is 



k 

W = *^2{A 1 ) i+ i ti (Bi)i t i_ r (A 2 ) i _ rti _ r (B 2 ) i _ r j + i — 
i=i 

k 

'^2(Ai)i + i t i(B 2 )i^ +r+ i(A 2 )i +r+ i t i +r+ i(Bi)i +r+ i t i + i. (5.9) 
i=i 
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For generic values of k, r there are no mesonic branches, corresponding to the fact 
that there are no curves of singularities emanating from the origin. However, there is 
an interesting baryonic branch, which is obtained by giving diagonal vevs to, say, all the 
(Az)ij fields. The superpotential interaction for the remaining fields is 

W = (Ai)i+i t i(Bi)i i i- r (B2)i-r,i+l ~ {Ai)i+i > i(B2)i 7 i+ r +l(Bi)i +r +i t i + i (5.10) 

This field theory can also be obtained using a brane box model where the k x 1 box 
unit cell has its vertical sides identified trivially, and its horizontal sides are identified up 
to a shift of r boxes 0. Equivalently [13[], this theory arises from D3 branes on a C 3 /Zfc 
singularity, where the acts by multiplying the three complex planes by e~ 27 "' fc , e - 27rM 7 fc ) 
e 2m{r+i)/k^ reS p ec ti V ely 

In principle, it would be possible to construct a type IIA brane configuration repro- 



ducing this field theory. The most systematic way would be to embed the action (|5.9|) 
in a Z n x Z m group of the type studied in section 5.1, in such a way that the subgroup 
can be recovered by quotienting by a suitable equivalence relation. The 'parent' singu- 
larity has a T dual IIA brane configuration which has been already described. The T 
brane configuration of the singularity of interest is obtained upon making the appropriate 
identifications in the 'parent' brane model. In particular these will amount to identify- 
ing fractional branes of different intervals. However, since this representation is rather 
involved, and its usefulness is doubtful, we will not extend on a general recipe. 

6 Introduction of orientifold planes 

The inclusion of orientifold planes in the type IIA brane picture is straightforward. For 
simplicity, we will only consider NS fivebranes at right angles. Even in this restricted 
context, there exist different patterns of orientifolded theories. We now turn to sketching 
them. 

Starting with a brane configuration of the type studied in Section 3, we can include 
an orientifold four-plane, parallel to the D4 branes. These are M = 1 versions of the 
models studied in |[40|. Recall that the charge of this orientifold changes sign whenever it 



crosses a NS fivebrane pEIfl . The general gauge group has a structure SpxSOxSp. . . x SO. 
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Consistency requires the total number of NS fivebranes to be even. Once a distribution 
of NS and NS' branes is chosen, the field theory content and superpotential can be read 
off from those of the non-orientifolded theory by simply projecting onto invariant fields. 
The effect of this projection on the gauge group has been already mentioned; also, after 
the projection, strings stretching between D4 branes of adjacent intervals give rise to only 
one chiral multiplet in the corresponding bi-fundamental representation. The surviving 
fields have a superpotential inherited from the non-orientifolded case. 

Instead, we can introduce orientifold six-planes (06 planes), extending along 0123789 
0. These are M = 1 versions of the models studied in p2| . The orientifold projection 
inverts the x 6 coordinate, and so, working on the double cover, the distribution of NS 
fivebranes on the circle must be Z2 symmetric. There are two 06 planes, sitting at 
opposite position in the x 6 circle. The general pattern for the field theory gauge group is 

Gi x SU x . . . x SU x G 2 (6.1) 

The x 6 intervals corresponding to the middle SU factors are mapped to some 'mirror' 
intervals, and thus this sector of the theory is unrestricted, and has the structure of a 
non-orientifolded theory, namely the group factors are SU, and strings stretched between 
D4 branes yield two chiral fields, in the bi-fundamental and conjugate representations. 
The superpotential is also found using the rules in Section 3. 

The 'end' sectors in the chain ( |6.1|) correspond to the x 6 intervals closest to the 06 
planes. There are several possibilities for this sector, depending on the distribution of 
fivebranes near the 06 plane. The basic building blocks have appeared in |^3[ and we 
schematically give them in the following table 

14 The configurations with 06' planes are obtained from those with 06 planes by exchange of the 
coordinates 45 and 89, and so do not provide new models. 

15 The Af = 2 building blocks were introduced in p4| . 
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The notation is: S (A) denote two-index symmetric (antisymmetric) representations, 
whereas X and T denote the adjoint and fundamental representations of SU, respectively. 
The field F is a bi-fundamental field arising at the outer NS fivebranes in this sector. 
Tildes denote conjugate representations. When a NS fivebrane is stuck at the 06 plane, 
we write them both inside parentheses, otherwise the sequential order reproduces the 
ordering along x 6 . 

All these sectors can be introduced as endpoints in the chain ( |6.1|) . Once a given choice 
is made, it is straightforward to write down the field theory content and interactions. 

A last type of configuration involving only NS fivebranes at right angles is possible 
by using NS fivebranes rotated ±45° in the 45, 89 direction. We denote these as NS1 
and NS2 branes, respectively. Notice that the orientifold plane maps NS1 to NS2 branes, 
since it inverts the coordinates 45, while leaving 89 invariant. Thus, these type of branes 
cannot be stuck at the 06 planes. Again, the general gauge group has the structure (|6.1| ) . 
where the middle sector is that of a non-orientifolded theory. The endpoint sectors consist 
on a group factor 5*0 or Sp with no matter, save for bi-fundamentals. The superpotential 
for these last is quartic. If one allows for branes at arbitrary angles, it is possible to 
interpolate between this case and the one analyzed above. 

It is clear that a large variety of models can be obtained if we also allow to quotient by 
Zj, actions in these brane configurations, in analogy with the models studied in Section 5. 
Moreover, it is also possible to include some orientifold projection acting along with this 
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orbifold action. The scenarios can be complicated at wish, and it would be interesting to 
see what they can teach about orientifolding conifold (and generalized conifold) geometries 
in the T dual side. We leave all these points for future research. 

7 Final Comments 

We have proposed a T duality between D3 branes on some non-orbifold spaces and type 
IIA configurations of relatively rotated NS fivebranes and D4 branes. We expect a rich 
interplay between both realizations of the same field theories. Eventually, it may lead to an 
AdS realization of the diverse phenomena observed in lifting the IIA brane configuration 
to M-theory. 

It would be desirable to have a better understanding on how the geometry of the 
singularity determines the field theory. We hope the examples we have developed allow 
to infer some rules in this respect. In particular, our correspondence between different 
triangulations of the toric diagram with different field theories points in this direction, 
and is worth of further exploration. These rules may eventually provide the key to under- 
standing more general singularities. At this point, we should stress that we have restricted 
to brane configurations with fivebranes at right angles, and that relaxing this constraint 
leads to a larger family of T-dual singularities. 
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